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The dynamics of the deuteron–proton exchange D+ + H2- HD + H
+ reaction on its
ground 11A0 potential energy surface has been the subject of a theoretical study for collision
energies below 1.5 eV. The results obtained with three theoretical approaches: quasi-classical
trajectory (QCT), statistical quasi-classical trajectory (SQCT), and accurate time-independent
quantum mechanical (QM) calculations are compared in the range of collision energies from
5 meV to 0.2 eV. The QM calculations included all total angular momentum quantum numbers,
J, up to Jmax E 40 and all the Coriolis couplings. For higher collision energies, the comparison
was restricted to the QCT and SQCT results given the enormous computational cost implied in
the QM calculations. Reaction cross sections as a function of collision energy (excitation
functions) for various initial rovibrational states have been determined and compared with the
corresponding results for the endothermic H+ + D2- HD + D
+ isotopic variant. The
excitation function for the title reaction decays monotonically with collision energy as expected
for an exothermic reaction without a barrier, in contrast to the behaviour observed in the
mentioned H+ + D2 (v = 0, j r 3). Reaction probabilities as a function of J (opacity functions)
at several collision energies calculated with the diﬀerent approaches were also examined and
important diﬀerences between them were found. The eﬀect of using the Gaussian binning
procedure that preserves, to a large extent, the zero point energy, as compared to the standard
histogram binning in the QCT calculations, is also examined. At low collision energy, the best
agreement with the accurate QM results is given by the SQCT data, although they tend to
overestimate the reactivity. The deviations from the statistical behaviour of the QCT data at
higher energies are remarkable. Nevertheless, on the whole, the title reaction can be deemed
more statistical than the H+ + D2 reaction.
I. Introduction
Chemical reactions between molecules and ions, excited atoms
or radicals are often barrierless and consequently very fast
even at low temperature. They play an important role in
plasmas or combustion media and are decisive for the very
low temperature gas-phase chemistry of interstellar space. In
general, this type of reaction is mediated by long-range
attractive interactions and proceeds through the formation
of an intermediate, more or less long-lived, complex supported
by a potential energy well in the path between reactants and
products. These characteristics have allowed the formulation
of popular and successful capture models and statistical treat-
ments of the kinetics,1–5 but have hampered the application of
rigorous, ‘exact’ quantum mechanical methods for dynamical
investigations, which are rendered particularly diﬃcult by the
profusion of channels associated with bound states in the
potential well. The simplest system featuring the just mentioned
properties is the H++H2 reaction, with only three nuclei and
two electrons. Not surprisingly, this system has been the object
of extensive experimental and theoretical investigations
over the past decades.6–43 For collision energies, Ecoll, lower
than E1.8 eV, proton exchange is the only reactive pathway
open and we will restrict our attention to this channel. The
reaction takes place through the formation of a H+3 complex,
sustained on a potential well with an approximate depth of
4.5 eV. The H+3 molecule is the major ionic constituent of
many cold hydrogen plasmas44,45 and is paramount for the
chemistry of interstellar clouds, where it acts as an initiator of
protonation chains leading to a large variety of chemical
species.46,47 Although the H+ + H2 proton exchange reac-
tion is barrierless and thermoneutral, some of its deuterated
variants, such as H+ + D2- D
+ + HD, are endoergic due
to the diﬀerent zero point energies of reactants and products
and have thus an energetic threshold that can be very relevant
for the low temperatures of interstellar environments.48–51
Early theoretical works on the reaction dynamics of the H+3
system, carried out using empirical potential surfaces (PES)
and quasiclassical trajectories (QCT), indicated that the
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reactivity cannot be fully explained with purely statistical
arguments. Direct type short-lived collisions were also found
to contribute to the reactivity with an increasing relative
weight for growing translational energy.7–11,13,17–19 These
results showed that the formation of a long-lived complex
required not only the overcoming of the centrifugal barrier,
and therefore experiencing a negative potential, but also an
eﬀective momentum transfer of the ionic projectile in its initial
encounter with the target molecule,18 which was in turn
dependent on Ecoll and on the isotopic mass combination of
ion and molecule. In this respect, slower collisions would allow
a more eﬃcient trapping and randomization of the energy in
the complex.52,53 It is also expected that heavier projectiles will
cause a more eﬃcient energy transfer favouring complex
formation. Continuing work by many groups has led during
the last decade to the construction of precise H+3 potential
surfaces and to the application of reﬁned statistical models
and dynamical treatments to the study of the H+ + H2
system.25–43,54–60 Quantum mechanical (QM) reaction proba-
bilities for D++H2 calculated for zero total angular momentum
(J= 0) led to a good agreement with statistical results,25,28 but
the extension of the QM calculations to values of J other
than zero and to the H+ + H2 and H
+ + D2 isotopic
variants30,40,42,43 conﬁrmed the dynamical bias limiting the
validity of purely statistical treatments already advanced in
the pioneering studies of the 70s and 80s. This situation
encourages a deeper investigation of the dynamics of this
reaction with rigorous QM methods, but the extension of
precise QM calculations to high Ecoll and J values remains a
challenge to date.
In view of the diﬃculties for the unrestricted application of
accurate QM methods to the H+ + H2 proton exchange
reaction, it is interesting to explore in some depth the merits
and shortcomings of alternative treatments. Besides the practical
advantages that can be gained by establishing the conditions
of validity of the more ﬂexible and computationally much less
demanding approximate treatments, the comparison of the
diﬀerent theoretical approaches should provide valuable
dynamical insights. In a recent work43 we have calculated
reaction probabilities and cross sections for the H+ + D2-
HD + D+ reaction using a close coupling (CC) wave packet
(WP) quantum mechanical method as well as quasiclassical
trajectories and a statistical quasiclassical (SQCT) model. This
reaction is endoergic by about 40 meV and this energetic
threshold has a crucial inﬂuence in the kinetics especially at
low temperatures. The WP-QM calculations included angular
momenta up to J = 50, which ensured a convergence in cross
sections for Ecoll lower than 0.6 eV. The QCT and SQCT
calculations were carried out for collision energies from zero
to 1.3 eV. Statistical and QCT methods had been shown to
perform well in general for the description of the reaction
dynamics of H2 molecules with atoms in excited electronic
states, O(1D), N(2D), C(1D) or S(1D) (see for instance
ref. 61–63 and the references therein). The ground-state
PESs of these reactions are also largely attractive with deep
wells sustaining triatomic complexes. However, appreciable
discrepancies between the QM, SQCT and QCT methods were
found when applied to the H+ + D2 reaction.
43 In com-
parison with the CC QM results, the SQCT calculations,
which neglect the dynamics once the centrifugal barrier has
been surpassed, tend to overestimate reactivity. In contrast,
the QCT results yield too low reaction probabilities and cross
sections at high enough total angular momenta and/or collision
energies. In addition, the QCT method cannot account
properly for the dynamics in the vicinity of the threshold
due to the neglect of the zero point energy (ZPE) inherent to
the method. In this article we extend the comparison of QM,
QCT and SQCT theoretical approaches to the D+ + H2
isotopic variant of the reaction, which is an important HD
source in interstellar space.64–66 In contrast with the previous
case, this reaction is exoergic and thus has no threshold.
In addition, simple arguments based on impulsive energy
transfer18 suggest that the mass combination of D+ + H2 is
more favourable for complex formation than that of H++D2
and is expected to present a more ‘‘statistical’’ dynamics.
The article is organized as follows: the theoretical methods
and the details of their application are described in section II.
Section III contains the CC QM, QCT and SQCT excitation
functions, reaction probabilities and products’ state distri-
butions together with a discussion in which the various
theoretical approaches are assessed and the dynamical charac-
teristics of the title reaction are compared with those of its
H+ + D2 counterpart. The main conclusions from this study
are then summarized in section IV.
II. Theoretical methods
A Time-independent QM method
For the D+ + H2 reaction, the time independent QM results
were carried out using the close-coupled hyperspherical method
of Skouteris et al.67 on the PES by Aguado et al.27 Results
have been obtained for a grid of 382 total energies in the range
of 0.275 eV to 0.460 eV (corresponding to a range of Ecoll
between 5 meV and 190 meV for the H2 v = 0, j = 0 state).
Tests of convergence were performed by varying the maximum
internal energy in any channel, Emax, the maximum rotational
quantum number jmax, and the maximum hyperradius rmax,
trying to minimize the computational time but maintaining the
accuracy of the results. Reaction probabilities for J = 0
converged to less than a few percent were obtained using a
basis set with diatomic energy levels up to Emax = 4.2 eV and
jmax = 60. The value of rmax was set at 30 a0, and 1500
log-derivative propagation sectors were used in the calcula-
tions. With these parameters it was found that the resonance
structures were reproducible. For J > 0 the value of kmax, the
maximum value of the projection of J and the rotational
angular momenta onto the body ﬁxed main axis, was chosen
to be the maximum of min(J, j) and min(J, j0) for each energy.
Due to the huge increase of computational cost with the value
of kmax, the range of calculations was limited to a collision
energy t190 meV.
The QM results presented for the H++D2 reaction are the
same as those previously reported43 and correspond to wave
packet accurate QM calculations using the DRW code68,69 on
the Kamisaka PES.28 The details of this calculations can be
found in ref. 43.
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B Quasi-classical trajectory method
Quasi-classical trajectory (QCT) calculations have been performed
for the D+ + H2 reaction at four collision energies, Ecoll =
100 meV, 190 meV, 500 meV and 1.0 eV, by running batches of
3  105 trajectories at each energy, following the procedures
described in refs. 43 and 70. In addition, to determine the
energy dependence of the reactive cross section (the excitation
function), batches of 2  106 trajectories were run by varying
the collision energy continuously between 3 meV and 1.6 eV
for initial rotational states j = 0–4 following the method
described in ref. 71. Additional batches of 5  104 trajectories
were run between 1 meV and 25 meV to improve the accuracy
of the calculations in this range of collision energies.
As for the calculations for the H+ + D2 isotopic variant,
batches of 2  105 trajectories were run for initial j = 0–5 in
the range of Ecoll between 5 meV and 1.6 eV. Additional
batches of 2  105 trajectories were calculated in the low
collision energy range for those initial rotational states for
which the reaction was exoergic (j Z 3).
The integration step size was chosen to be 4  1017 s. This
guarantees a total energy conservation better than one part in
104 and conservation of total angular momentum better than
one part in 106. Due to the long range interaction in the
entrance and exit channels, the trajectories were started and
ﬁnished at an atom–diatom R distance of 10 A˚ (20 A˚ at the low
range of collision energies).
The rovibrational energies of the diatomic molecules were
calculated by semiclassical quantisation of the action using the
potential given by the asymptotic diatom limits of the PES and
their values were ﬁtted to Dunham expansions in v + 1/2 and
j(j + 1). The assignment of product quantum numbers was
carried out by equating the square of the classical HD
molecule rotational angular momentum to j0(j0 + 1)h2. With
the real value obtained in this way, the vibrational quantum
number v0 is found by equating the internal energy of the
outgoing molecule to a rovibrational Dunham expansion. The
usual histogram binning (HB) method consists of rounding
the classical (real value) vibrational and rotational quantum
numbers to their nearest integers. However, as discussed
previously, this rounding procedure may allow the population
of states that are energetically closed. In principle, this is not
expected to be critical in the case of the D++H2 reaction due
to its exoergic character (from the zero point energies of
reactants to that of the products). Nevertheless, at low
collision energies, as in the case of the endoergic H+ + D2
reaction, a considerable number of reactive trajectories lead to
HD with a vibrational action below its ZPE that, according to
the HB procedure, are assigned to v0 = 0. As a result,
rotational states energetically forbidden are populated.
To overcome this problem, as in previous works,39,42,43 we have
used the Gaussian binning (GB) method,72,73 whose implemen-
tation has been described in detail in ref. 74. Brieﬂy, it consists of
weighting each trajectory according toGaussian functions centred
on the correct QM vibrational action in such a way that the closer
the vibrational (real value) quantum number of a given trajectory
is to the nearest integer, the larger the weighting coeﬃcient is for
that trajectory. In the present work, we have used a full-width-
half-maximum of 0.1 for the Gaussian functions, but the results
are largely insensitive to the precise value of this width. In
practice, trajectories whose vibrational action is suﬃciently far
from the quantal one contribute very little to the total cross
section. As a consequence, the ZPE requirement is eﬀectively
enforced at the expense of a possible decrease of the reactivity.
The comparison of the results obtained by the HB and GB will be
presented and discussed in detail in section III.
C Statistical quasi-classical trajectory method
The statistical quasi-classical trajectory (SQCT) method has
been detailed in previous publications36,37,63 and its application
to the various isotopic variants of the title reaction has been
extensively described.37,43 In all aspects, the SQCT model is
entirely equivalent to its quantal version (SQM),62 with the sole
diﬀerence being that trajectories instead of wavefunctions are
independently propagated in the exit and entrance channel. It
has been thoroughly shown that the agreement between the
quantum and quasiclassical statistical approaches is almost
perfect (see ref. 36, 37 and 63 for detailed comparisons). The
SQCT method uses a discrete sampling (quantisation scheme) of
the total, J, and rotational, j, angular momenta, as well as that
of the projection of J(j) onto the body ﬁxed axis, k. In contrast
to the standard QCT method, trajectories are not integrated
until they reach the asymptotic region, but only until they have
been captured by the potential well. The capture point is
characterised by a suﬃciently negative value of the potential
energy with respect to the asymptotic limit of the respective
arrangement channel. Trajectories that experience this value
have certainly surmounted the centrifugal barrier and, in
principle, are assumed to be trapped in the potential well.
Capture probabilities must be calculated for all possible arrange-
ment channels and for all the energetically open reactant and
product rovibrational and helicity (v, j, k) states at a given total
energy. Once the capture probabilities have been determined,
reaction probabilities and integral and diﬀerential cross section
are calculated using the same equations as for the SQMmodel.37,62
The SQCTmethod conserves the triatomic parity, accounts for the
diatomic parity, and complies with the principle of detailed balance
overcoming the problem of the zero point energy.
The equations that relate the capture probabilities with the
various reaction probabilities and cross sections have been
presented and discussed in previous works.36,37,62 We will only
recall those concerning the state-to-state reaction probability
as a function of the total angular momentum, J, as they will be
used hereinafter. The state-to-state reaction probability from
the ground rovibrational v = 0, j = 0 reagent’s state,
PJv0j000ðEÞ, can be written as:37
PJv0j000ðEÞ ¼ pJ000 
Q
J;ð1ÞJ
v0 ;j0
DJ;ð1ÞJ ;e
2
4
3
5 ð1Þ
where pJ000 is the capture probability for the reactant arrange-
ment and (v, j, k) = (0, 0, 0) state and total angular momentum
J. The sum over k0 of the product’s capture probabilities into
the product state (v0, j0) is
Q
J;ð1ÞJ
v0 j0 ¼
Xkmax
k0¼0
p
J;ð1ÞJ
v0 j0k0 ð2Þ
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The denominator of eqn (1) is the sum of the capture
probabilities over the open rovibrational and helicity states of
the reagents and products:
D
J;ð1ÞJ ;e
v0j0 ¼
X
v;je
QJ;ð1Þ
J
vje
þ
X
v0 ;j0
Q
J;ð1ÞJ
v0j0 ð3Þ
Notice that the ﬁrst sum runs over even rotational states
to account for the diatomic parity.42,62 Since j = 0 (and thus
k=0) has been chosen as an example of initial state, in all these
equations only the I = (1)J triatomic parity has been
considered.37
In eqn (1) the pJ000 term represents the probability of
complex formation from the v= 0, j= 0 initial state, whereas
the factor within brackets is the probability of breakdown of
the complex into the v0, j0 state of the products. Essential in
any statistical model is the implicit assumption that the only
requirement for complex formation is the occurrence of the
capture. With ‘capture’ we mean that the centrifugal barrier
(or eﬀective barrier if there exists an additional dynamical
barrier) is overcome and the system is subject to a negative
potential value. Moreover, the statistical model implicitly
assumes that once the complex has been formed, i.e. the
capture has taken place, its lifetime is long enough to allow
for the randomization of the energy in the various modes, such
that the outcome is purely statistical. Notice, however, that
this assumption is not guaranteed since no information is
extracted of the dynamics inside the well.
Trajectories for 45 energies were run in the range of
1 meV–1.6 eV collision energies with a closer energy grid
below 100 meV. An integration time step of 1.0  1016 s
guarantees a total energy conservation better than one part in
105 and conservation of total angular momentum better than
one part in 106. The number of trajectories run was 5  104 for
the lowest energies and up to half a million for the highest
collision energies. The capture potential to determine the
complex formation was set at 0.6 eV (see ref. 37 for details)
The QCT and SQCT calculations have been carried out on
the PES by Aguado et al.27 In addition, since no comparison is
made with experimental results, the nuclear spin statistical
weights have not been considered in the results presented here.
III. Results and discussion
Fig. 1 shows the collision energy dependence of the D+ + H2
(v = 0, j) reaction cross section (i.e. the excitation function)
calculated with the SQCT, QCT-HB and QCT-GB procedures.
All the calculated cross sections show a monotonic decrease
with Ecoll, in accordance with the expectations for barrierless,
exoergic reactions. Over the energy range considered, the
largest cross sections correspond to the SQCT method and
the smallest ones to the QCT-GB approach. The QCT-HB
calculations yield cross sections in good agreement with those
from the statistical procedure for the lower energies, but tend
towards the GB result with growing Ecoll. Beyond 0.6 eV, the
GB and HB cross sections are indistinguishable. Increasing the
rotational quantum number of the H2 molecule from j = 0 to
j = 4 produces only small changes in the results of the
statistical approach, but has an appreciable inﬂuence on the
QCT-GB sR(Ecoll), which grows in the lowest (o 0.2 eV) Ecoll
range as j increases from 0 to 4.
In the low range of Ecoll and j r 3, the diﬀerence between
the QCT-HB and QCT-GB is noticeable. This discrepancy
must be due to the quantisation procedure applied in each case
since this is the only diﬀerence between the two methods. As
will be discussed below, trajectories at the lowest Ecoll mainly
proceed via the formation of a long-lived complex whose
lifetime is long enough to allow the randomization of the
energy. In the classical case, the absence of the zero point
energy constraint makes possible an unrealistic vibrational
distribution peaking at a vibrational action, v0 + 1/2, equal to
zero and thus most of the reactive trajectories lead to HD
products whose vibrational content is well below its ZPE.
With the GB quantisation method, however, trajectories
leading to vibrational energies close to the values of the actual
quantum states of HD are much more strongly weighted than
the rest; therefore, a very substantial number of reactive
trajectories contributes with an almost negligible weight to
the total cross section. In contrast, the QCT-HB procedure
attributes the same weight to all reactive trajectories irrespective
of the proximity of their classical vibrational energy to that of
a molecular quantum state and the resulting cross section is
much larger than in the QCT-GB case as long as the maximum
classical v is low enough. It might be argued that this unbiased
trajectory weighting could be more realistic for the estimate of
total cross sections in reactions without a threshold like that
presently considered. Actually, the coincidence between the
cross section obtained with this method and with the SQCT is
very good in this low range of collision energies. Nevertheless,
as we will see below, the QCT-HB method fails to account
for other more resolved dynamical magnitudes and leads to
unrealistic results.
With increasing collision energy and, especially, with growing
j, the QCT calculations lead to a broader distribution of HD
vibrational energies covering a larger range of classical vibra-
tional actions and the sR(Ecoll) from the two quantisation
methods approach gradually. As mentioned above, the SQCT
cross sections for collision energies below 0.2–0.3 eV are
similar to those given by the QCT-HB procedure, although
the former complies with the ZPE restriction. As indicated
in former works,13,52,53 statistical treatments are especially
successful for comparatively long collision times that allow
for an eﬃcient randomization of the available energy within
the reaction complex.
The results commented on in the previous paragraph
can now be compared to those obtained for the endoergic
H+ + D2 (v = 0, j = 0–4) isotopologue of the same system,
which are displayed in Fig. 2. A detailed analysis of the
dynamics of the H+ + D2 (v = 0, j = 0) reaction was
reported in ref. 43. In that work the calculations were carried
out on the potential energy surface by Kamisaka et al.28 and
j = 0. As indicated in the method section, the calculations of
the present study have been performed on the PES by Aguado
et al.,27 but, except for some small diﬀerences at low collision
energies (Ecoll o 100 meV), the two PESs lead to the same
results.75 In Fig. 2, the presence of a reaction threshold,
corresponding to the energy diﬀerence between the ground
vibrational levels of HD and D2 is clearly reﬂected in the shape
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of the SQCT and QCT-GB excitation functions for j = 0
(upper left panel). As expected, the reaction threshold
coincides with the diﬀerence of the zero point energies,
E42 meV, and beyond the threshold, the cross section rises
sharply and reaches a maximum located at 125 meV for the
statistical method and at 200 meV in the QCT-GB calcula-
tions. Above the energy of the maximum the two methods
predict a smooth decrease in the value of the cross section. The
QCT-HB results show only a monotonic decline of the cross
section with collision energy. As already mentioned, this
method cannot account for the existence of this kind of
threshold since it unbiasedly includes all trajectories leading
to reaction irrespective of their ﬁnal vibrational energy, which
can be well below that of the HD ground vibrational state. For
collision energies larger than 0.35 eV the same QCT cross
sections are obtained with the two quantisation procedures.
Except for the QCT-HB method at the lowest Ecoll, where the
neglect of the threshold leads to artiﬁcially high values of the
cross sections, the SQCT sR(Ecoll) is always larger than those
from QCT calculations and the diﬀerence increases with
growing collision energy. The fact that the SQCT model gives
rise to cross sections remarkably larger than those found in
QCT calculations is a common feature for the two reactions
studied in this work (see also Fig. 1). This eﬀect suggests that
as the collision energy increases the QCT behaviour departs
from a purely statistical mechanism and genuine dynamical
eﬀects take place. As will be discussed below, higher energies
imply that more trajectories are direct, spending a short time
in the well, and, moreover, do not lead to HD formation in the
ratio expected according to statistical arguments.
When the D2 molecules have one quantum of rotational
excitation (upper right panel), the threshold is still present in
the SQCT and QCT-GB calculations and the various excita-
tion functions have shapes that do not diﬀer much from those
just discussed for j = 0. However, for j = 3 (lower left panel)
the reaction is already slightly exoergic (1.89 meV) and the
threshold disappears in all cases. In spite of having no threshold,
the SQCT and QCT-GB excitation functions still show
maxima for this nearly thermoneutral condition. For j = 4
(lower right panel), with a higher exoergicity, the remnants of
the maxima are practically absent and the three sR exhibit
essentially a decline with Ecoll, a behaviour that is qualitatively
similar to that found for D+ + H2 over the whole range of
energies and j values considered. Notice that the good accordance
between the HB and GB excitation functions starts at lower
energies as the initial D2 rotational states increase, similar to
what was observed for the D+ + H2 reaction. For all the
rotational levels, the diﬀerences between the QCT and SQCT
cross sections at high energies are somewhat larger for the
H+ + D2 reaction. From the comparison of the respective
excitation functions of the two isotopic variants, it seems that
this mass combination is less eﬀective than D+ + H2 for the
Fig. 1 Excitation functions (collision energy dependence of the reactive integral cross section) for the D++H2 (v= 0, j)-H
++HD reaction
for j= 0, 1, 3, and 4 initial rotational states. Dash (green) line: QCT-HB results. Solid (red) line: QCT-GB results. Triangles and solid (blue) line:
SQCT results. The nuclear spin statistics has been disregarded.
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transfer of the initial ion energy to the molecule and thus for
the trapping of the reactants into a long-lived complex, and,
therefore, it is expected to deviate more from the statistical
behaviour, as pointed out by Schlier and Vix.18
In our previous work43 the limitations of QCT and SQCT
methods for the description of the H+ + D2 reaction
dynamics were demonstrated in a thorough comparison with
accurate quantum mechanical calculations. The comparison
between accurate QM, SQCT, and QCT reaction cross sections
is extended to the D+ + H2 system in the top panel of Fig. 3.
Accurate QM results have been obtained with the time
independent method described in the previous section and
are limited to total energies below 460 meV (Ecoll o 200 meV
for H2 in v = 0, j = 0) due to the inherent diﬃculties
mentioned above. In spite of the restricted energy and internal
state range, these calculations cover, to a large extent, the
conditions prevailing in the interstellar medium, where this
reaction is particularly relevant. Overall, the best agreement
with the QM results is obtained with the QCT-HB method.
Below 50 meV, the cross sections calculated with this method
lie within the oscillations of the QM resonance structure. For
higher Ecoll values, the QCT-HB cross sections become slightly
larger that their QM counterparts. The SQCT calculations
also perform reasonably well, although they yield cross
sections which are somewhat higher than those from quantum
mechanics over the whole interval considered. In contrast with
the other two methods, the QCT-GB procedure leads to cross
section values which are markedly lower than those from the
QM calculations in the lowest energy range considered. Only
for collision energies larger than 100 meV do the QCT-GB
cross sections get close to the quantum mechanical values.
The bottom panel of Fig. 3 displays the SQCT, QCT
(HB and GB) and QM excitation functions for H+ + D2
over the 0–0.6 eV collision energy range. The accurate QM
results have been taken from ref. 43 and correspond to
wavepacket calculations on the PES by Kamisaka et al.28
but, as mentioned above, the diﬀerences between dynamical
Fig. 2 Same as Fig. 1 but for the H+ + D2 (v = 0, j)- D
+ + HD reaction. As in Fig. 1, the nuclear spin statistics have been disregarded.
Fig. 3 Excitation functions for the D+ + H2 (v = 0, j = 0) -
H++HD (top) and H++D2 (v= 0, j= 0)-D
++HD (bottom)
reactions in the low collision energy range. Filled circles and solid line:
QM results. Dash (green) line: QCT-HB results. Solid (red) line:
QCT-GB results. Triangles and solid (blue) line: SQCT results. The
WP-QM data for the latter reaction are from ref. 43.
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calculations on that surface and those on the PES by Aguado
et al., used in this work, are small and irrelevant for the present
discussion.75 A comparison of the two panels of Fig. 3 reveals
that, whereas for H+ +D2 the agreement between accurate
QM and QCT-GB is fairly good at collision energies below
200 meV, for the D+ + H2 (top panel) this binning procedure
underestimates the reactivity for Ecollo 100 meV. In contrast,
the standard QCT-HB method that describes the low energy
region of the sR(Ecoll) for the latter reaction fails in the
prediction of the threshold and post-threshold behaviour of
the H+ + D2. This is not altogether surprising, since, as
commented on above, the existence of a ZPE threshold is
directly ignored in the HB method, which is thus unsuitable
for H+ + D2. On the other hand, for the exoergic D
+ + H2
reaction, a substantial fraction of reactivity at the lowest
energies is underestimated in the GB scheme which con-
sequently yields too low cross sections. For both reactions,
the SQCT method leads to the highest cross sections. The
deviation of the statistical calculations from those obtained
with dynamical procedures and especially from the accurate
QM results suggests that the reactivity is dynamically biased to
some extent even at low collision energies. In the case of
H+ + D2, where the QM calculations extend to 0.6 eV, the
QCT cross sections become appreciably smaller than their
quantum mechanical counterparts for collision energies larger
than approximately 0.25 eV, indicating that dynamical
constraints are probably overestimated in the classical mecha-
nics calculation. By analogy with this system, it could be
conjectured that in the case of D+ + H2, the QM cross
section for Ecoll > 0.3 eV would take values between those
from the QCT and SQCT approaches, possibly closer to the
SQCT result, given the presumed higher statistical character of
the D+ + H2 kinetics, but further calculations are needed to
verify this conjecture.
The failure of the QCT-GB method to account for the
accurate QM excitation function for the D+ + H2 reaction
and the seemingly good agreement obtained with the HB
procedure encourages the extension of this comparison to a
higher level of detail by considering more speciﬁc dynamical
observables. Fig. 4 displays the opacity functions, i.e. the
reaction probabilities vs. total angular momentum, PR(J),
for the D+ + H2 (v = 0, j = 0) reaction at four collision
energies. The two upper panels, corresponding to collision
energies of 100 and 190 meV, include results from accurate
QM calculations. For the higher Ecoll values (lower panels),
the comparison is restricted to the SQCT and QCT methods.
At Ecoll = 100 meV, the QM opacity function displays a
resonance structure characterized by very strong oscillations in
the PR(J) values. The three approaches that account for the
ZPE conservation predict a null reactivity for J > 30, whilst
for the QCT-HB calculations it extends to J = 31. The
QCT-HB and SQCT calculations for this energy lead to
similar results: the PR(J) lies between 0.7 and 0.8 from
J = 0 to J = 29 and then decreases abruptly. In the
QCT-HB opacity function, most of the decline takes place
between J = 30 and J = 31. The QM opacity function also
shows a steep decline above J = 27. The QM results are
on average somewhat lower than those from SQCT and
QCT-HB. In contrast to the other methods, the QCT-GB
opacity function shows a smoother decline with growing J,
starting at J = 5 and becoming more pronounced after
J = 15. Below J = 15, the QCT-GB leads to the best
agreement with the average value of the accurate QM reaction
probability; beyond this J value, the QCT-GB PR(J) are lower
than those from the other methods. At Ecoll = 190 meV (upper
right panel), apart from a larger value of Jmax, the maximum
value of the total angular momentum leading to reaction, the
general pattern of the opacity functions calculated with the
various methods, is analogous to that at Ecoll = 100 meV. The
QCT and SQCT PR(J) take at ﬁrst a nearly constant value of
approximately 0.7, and the QM opacity function oscillates
around this value, although the oscillations are less marked
than for Ecoll = 100 meV. Beyond J = 20, the results of the
various approaches diverge. Again in this case the reactivity
extends to larger J values in the QCT-HB calculations with a
Jmax = 37, whereas the rest of the PR(J) are zero for J > 35.
The two QCT PR(J) initiate a gentle decline at about J = 20
and then descend abruptly when approaching their respective
Jmax values. At this energy, the overall best agreement with the
QM calculations is obtained with the SQCT method, although
the two QCT approaches also perform reasonably well.
It should be noted here that the agreement between opacity
functions from SQCT and QM is better for this isotopic
variant than for H+ + D2 (see Fig. 7 and 8 of ref. 43), again
in accordance with the higher likelihood for complex forma-
tion expected for D++H2.
18 With increasing collision energy
(two lower panels of Fig. 4) higher Jmax values are reached. At
these higher energies, the SQCT opacity functions are fairly
constant until their ﬁnal sudden fall. In contrast, the QCT
PR(J) start declining at comparatively low J values; the decline
becoming steeper as Jmax is approached. At Ecoll = 500 meV,
the SQCT and QCT-GB opacity functions have a Jmax = 49
whereas the QCT-HB PR(J) extends to Jmax = 51, albeit with
a low probability. At Ecoll = 1.0 eV the QCT reaction
probability is zero for J > 51, a value much lower than the
Jmax = 61 found in the SQCT calculations. The faster decrease
in the QCT reaction probabilities at high energies, especially
for the higher J, in comparison with the SQCT results, is
similar to that found for the H+ + D2 reaction. The fact that
the SQCT reaction probabilities, and thus cross sections, are
much larger than the QCT ones rules out any phenomenon
associated with the centrifugal barrier in the entrance channel.
The decrease of the QCT reactivity is due to trajectories that
have surmounted the centrifugal barrier but, nevertheless,
experience a short range centrifugal repulsion, inside the
triatomic well of the potential surface turning them back to
the reactant channel. This dynamical restriction is obviously
absent in the SQCT model, where the reaction probability is
determined by capture probabilities based on the ability of
surmounting the centrifugal barrier located outside the tri-
atomic potential well. Although QM opacity functions are not
yet available at these collision energies, they would possibly lie
between those from the QCT and SQCT methods, in analogy
with the results obtained for the H++D2 isotopic variant and
the opacity functions at lower collision energies.
In order to further understand some of the features of the
opacity functions presented in Fig. 4 and, in particular, the
connection of the maximum value of J and the ZPE
D
ow
nl
oa
de
d 
by
 C
. d
e 
Fí
sic
a 
"M
ig
ue
l A
. C
at
al
án
". 
Bi
bl
io
t. 
de
 M
at
e 
on
 1
9/
04
/2
01
3 
08
:0
9:
38
. 
Pu
bl
ish
ed
 o
n 
20
 A
ug
us
t 2
01
0 
on
 h
ttp
://
pu
bs
.rs
c.
or
g 
| do
i:1
0.1
039
/C0
CP
003
11E
View Article Online
12598 Phys. Chem. Chem. Phys., 2010, 12, 12591–12603 This journal is c the Owner Societies 2010
compliance, it is pertinent to determine the opacity functions
for the D++H2 reaction resolved into the rotational states of
the HD(v0 = 0) product molecule. Fig. 5 depicts the j0 resolved
opacity functions at Ecoll = 190 meV for j
0 = 0–5. As will be
shown below, j0 = 5 is the maximum value energetically
accessible. The choice of this energy stems from the fact
that the diﬀerence between the Jmax values obtained in the
QCT-HB and the rest of the approaches is noticeable and it
can be expected to be related to the problem of the products’
zero point energy. Additionally, at this collision energy the
agreement between QM and the prediction of the statistical
models seems to be quite good. As can be seen, the QM
Pv0=0j0(J) exhibits pronounced oscillations in all cases that
persist once the summation over j0 is carried out (see the upper
right panel of Fig. 4). Comparing the QM results with those
obtained with the SQCT and the two QCT procedures and
leaving aside the oscillations, it is evident that the best agree-
ment is obtained between the QM and the SQCT results. The
QCT calculations yield too low probabilities for the lowest
rotational state, but with increasing j0 the agreement between
QM (and SQCT) and QCT-GB becomes much better. The
QCT-HB method produces the worst accordance with the QM
results over the whole range of j0 displayed in the ﬁgure. The
reaction probabilities for individual j0 values are lower and
reach higher Jmax values than those from the other sets of
calculations. This eﬀect is especially conspicuous for j0 Z 3
and connects with the ﬁnding that in the total opacity function
the QCT-HB reaches the largest Jmax values at this collision
energy. Except for the QCT-HB opacity functions, where Jmax
does not change over the j0 range considered, there is a
negative correlation between Jmax and j
0. For this isotopic
variant the value of Jmax is limited by the exit channel. For a
given total energy and a ﬁxed value of the HD vibrational
energy, as j0 increases the available translational energy to
surmount the centrifugal barrier decreases and, as a result of
this, the largest J allowed diminishes. This is exactly what is
observed in the three sets of calculations that comply with
the zero point energy constraint. However, in the QCT-HB
method there is no limitation to the minimum value of the
vibrational energy, and consequently the translational energy
necessary to overcome the barrier can be drawn from and at
the expense of the vibrational excitation.
In addition, it is not surprising that the reaction probability
for intermediate J values (J r 20) increases with the product
rotational excitation since the number of projections k0 of the
total (and HD rotational) angular momentum that contribute
to the reaction rises with j0. Similar arguments, drawn from the
SQCT model, serve to explain the maxima that can be
observed near the values of Jmax, especially for j
0 r 3. As
can be derived from eqn (1), the J-dependent denominator of
the expression of the PJ0j0 ;00, eqn (3), is nearly constant up to
J = 18, since all the possible (v, j, k) energetically open
channels of reagents and products are accessible. With
growing J, the centrifugal barrier causes the closing of exit
channels corresponding to the highest rotational HD levels
(see the lower panels of Fig. 5) and, consequently, the
denominator decreases. As a result, the reaction probability
for the lower j0 states grows for values of J beyond E18 and
gives rise to a maximum in the reaction probability in the
vicinity of their respective Jmax.
Notice that diﬀerences observed with j0 are due to changes
in the probability of the breakdown of the complex into the
various ﬁnal states rather than to the probability of complex
formation (see eqn (1) and section II). The fact that all the
Fig. 4 Opacity function for the D+ + H2 (v = 0, j= 0) reaction summed over ﬁnal states at Ecoll = 100 meV, 190 meV, 500 meV and 1.00 eV.
Dash (green) line: QCT-HB results. Solid (red) line: QCT-GB results. Triangles and solid (blue) line: SQCT results. Filled circles and solid line: QM
results (two upper panels).
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features observed, except for the oscillation due to the under-
lying resonance structure, can be explained with the statistical
model underpins the statistical character of the reaction in this
range of collision energies between 0.1 and 0.3 eV.
Fig. 5 includes reaction probabilities for all the j0 values that
are energetically open in the QM and SQCT calculations at
Ecoll = 190 meV. A comparison of Fig. 4 and 5 shows that an
appreciable amount of the QCT-HB reactive ﬂux must be
channelled into other rotational levels of HD. This is best seen
in Fig. 6, where the v0 = 0 integral cross sections for the
production of the diﬀerent rotational levels are represented.
As in the previous cases, QM calculations are restricted to
Ecollo 200 meV. For 100 meV and 190 meV collision energies
the rotational distributions of HD calculated with the QCT-
HB method are appreciably broader than the rest and extend
to j0 = 8 and 9, respectively, whereas the value of j0max allowed
by energy conservation is three to four quanta lower. Both the
higher Jmax of Fig. 5 and the higher j
0
max of Fig. 6, derived with
the QCT-HB method, are essentially due to the neglect of the
ZPE of the HD molecule commented on in the previous
paragraphs. Within this approach the system, whose vibra-
tional energy can go to zero, is allowed to reach a higher
rotational energy for a given Ecoll. The QCT-GB calculations
reproduce well the higher j0 range of the QM distribu-
tions including their ﬁnal decline, but the calculated cross
sections are too small for the lower j0 values. Overall, the best
agreement with QM is obtained with the SQCT procedure, but
some discrepancies are also found around the maximum.
For the two higher energies (lower panels of Fig. 6),
appreciable diﬀerences are found between the QCT and SQCT
rotational distributions in v0 = 0. The discrepancy is especially
large in the lowest j0 states, where the statistical approach,
unaﬀected by the dynamical bias associated with fast
collisions, leads to much higher cross sections, especially at
Ecoll = 1.0 eV. As can be seen, the SQCT calculations favour
low rotational states whilst the opposite is true with the QCT
results. As a result of this, the shapes of the SQCT and QCT
rotational distributions are clearly diﬀerent. At these collision
energies, the QCT-HB v0 = 0 rotational distribution is nearly
identical to that obtained with the GB procedure, and the
eﬀect of that binning on the global reactivity is very small for
collision energies much larger than that of the zero point
energy of HD.
The evolution of the distribution of available energy
between the various modes of the reaction products as a
function of Ecoll is shown in Fig. 7. The average fractions of
translational, hfTi, rotational, hfRi, and vibrational, hfVi,
energy calculated with the QM, SQCT and QCT-GB methods
are represented in this ﬁgure for the D+ + H2(v = 0, j = 0)
(upper panel) and H+ + D2(v = 0, j = 0) (lower panel)
reactions. Note the overall similarity in the results for the two
systems. Immediately after the reaction threshold in the case of
Fig. 5 Opacity function for the D+ + H2 (v = 0, j = 0)- H
+ + HD (v0 = 0, j0) reaction at Ecoll = 190 meV. Dash (green) line: QCT-HB
results. Solid (red) line: QCT-GB results. Triangles and solid (blue) line: SQCT results. Filled circles and solid line: QM results (see text for details).
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H++D2, or after the Ecoll origin for D
++H2, the products’
energy is mostly concentrated as vibration in the ground state
of HD, as required by the ZPE constraint; with increasing Ecoll
more energy becomes gradually available for translational and
rotational motion and hfVi decreases steadily as hfTi and hfRi
grow. At about 0.3–0.4 eV, hfTi becomes the largest fraction
and for higher collision energies the various energetic fractions
remain roughly constant in the SQCT calculations, with hfVi
and hfRi (in that order) taking smaller and not too diﬀerent
values. Note that in the high energy range (above 0.6 eV), far
from the energetic restrictions of the post threshold region, the
SQCT calculations predict a higher fraction of products’
translational energy (and thus a lower proportion of internal
energy) for D++H2 where it takes a value of 0.5 as compared
to 0.4 for H+ + D2.
In the QCT-GB calculations the fractions of available
energy in internal and translational degrees of freedom tend
to practically the same value of E0.33 at Ecoll > 0.8 eV for
the HD2
+ system and to somewhat higher energies for the
D+ + H2 reaction. The results of the QCT-HB calculations,
not represented for clarity, have no constraints associated with
the vibrational threshold and the respective hfTi, hfRi and hfVi
values are only comparable with the QCT-GB results for
Ecoll Z 0.6 eV. The QCT-GB energetic fractions are in
reasonable agreement with the accurate QM predictions available
at low collision energy, but the accordance is better between QM
and SQCT results.
In the high energy range, it is interesting the diﬀerence in the
fractions obtained by the QCT and SQCT methods that
should reﬂect the dynamical bias that has been found in other
dynamical quantities using the former approach. The actual
statistical limit obviously corresponds to the SQCT results.
The statistical model can be further simpliﬁed by assuming: (a)
that the capture probabilities from all energetically accessible
states of the reagents and products are equal to one, and
(b) that the limiting Jmax value at a given energy only depends
on each particular rovibrational state of the products. For the
D+ + H2 reaction, the Jmax value is limited by the exit
channel, HD + H+, whose capture probabilities die out
sooner than those from the D+ + H2(v = 0, j = 0) channel.
The actual dependence of Jmax on the (v
0, j0) state is basically
given by the simple centrifugal barrier model, approximately
leading to Jmax / E0T1=2, where E0T is the available energy in
translation for a given (v0, j0) HD state. With this simpliﬁca-
tion the resulting hfTi, hfRi and hfVi have values very close to
those given by the rigorous SQCT model, especially in the high
energy range. Note that within the SQCT model, 50% of the
available energy is released as translational energy; that is,
roughly speaking, the total energy is equally partitioned
among the various degrees of freedom. For the H+ + D2
reaction the model needs some reﬁnement since the Jmax value
can be limited by either the H+ + D2(v = 0, j = 0) or the
various product’s D+ + HD(v0, j0) channels. In the end, the
agreement with the rigorous SQCT model is also good. Notice
that the SQCT model predicts for this reaction a hfTi E 0.4,
slightly lower than that obtained for the other isotopic variant.
The hfii values in the diﬀerent degrees of freedom obtained
from the QCT-GB can be also reproduced using a biased
statistical model wherein the Jmax value has to be enforced and
is smaller than that deduced by simple centrifugal barrier
arguments. Using a limiting value of Jmax E 50 (see Fig. 4),
the results are very similar to those shown in Fig. 7. In the
QCT limit, at suﬃciently high collision energies, approxi-
mately 1/3 of the total energy is allocated in each mode. The
substantial diﬀerence in the SQCT and QCT predictions of
the energy disposal in translational and internal degrees of
freedom is a reﬂection of the dynamical bias found in the QCT
results. The accessibility of considerably higher values of J in
Fig. 6 Integral cross section for the D+ + H 2 (v = 0, j = 0)- H
+ + HD (v0 = 0, j0) reaction at Ecoll = 100 meV, 190 meV, 500 meV, and
1.0 eV. Open (green) circles and dashed line: QCT-HB results. Squares and solid (red) line: QCT-GB results. Triangles and solid (blue) line: SQCT
results. Filled circles and solid line: QM results.
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the SQCT calculations (see Fig. 4 and ref. 43) leads to the
predominant formation of HD products in low rotational
states of the v0 = 0manifold. In contrast, the drastic limitation
of the Jmax values found in the QCT calculations reduces the
population of low j0 states. The net eﬀect is that a smaller
fraction of the available energy appears as translation in the
QCT calculations.
A closer inspection of the two panels of Fig. 7 shows that a
very good match between the hfTi, hfRi and hfVi curves of the
two reactions can be achieved in the low Ecoll range if the
collision energy scale is shifted by about 80 meV, which
corresponds to the diﬀerence between the exoergicities of the
two reactions. When the Ecoll of the H
+ + D2 reaction
(endoergic by about 40 meV) is 80 meV larger than that of
D+ + H2 (exoergic by 40 meV), the amount of energy
available to the products is the same for the two systems
and this energy is distributed in a similar way among the
various degrees of freedom in both reactions.
This point is further illustrated in Fig. 8, which shows the
similar QCT vibrational energy distributions of the HD
molecules produced in the D+ + H2 and H
+ + D2 reactions
at Ecoll = 20 meV and 100 meV, respectively. In both cases the
same amount of energy (E60 meV) is available to the products.
The abscissa scale in this ﬁgure corresponds to the classical
(real value) vibrational quantum number and its zero is
located at the HD(v0 = 0) vibrational level. As can be seen,
the classical (continuous) vibrational distributions are very
similar in both cases, with maxima at v0 = 0.5 and declining
rapidly with v0, such that only a small fraction of the HD
molecules are produced in or around v0 = 0. The two QCT
binning procedures used throughout the article are also
sketched in the ﬁgure. In the HB scheme, a weight of one is
assigned to each reactive trajectory regardless of the proximity
of its vibrational quantum number to the quantum (integer)
value. The weight function is thus a step function of unit
height spanning a unit of vibrational number. In the two cases
shown in Fig. 8, the step function extends from v0 = 0.5 to
v0 = 0.5, i.e. a weight of one is assigned to each reactive
trajectory, which is equivalent to round their respective real
value vibrational quantum number to zero. In the GB method
reactive trajectories are weighted with normalised Gaussian
distributions, each of them centred at the successive integer
vibrational quantum number. For the case under considera-
tion, the Gaussian function is centred at v0 = 0 and has a
FWHM of 0.1 (see ref. 43 for more details).
Fig. 8 clearly shows that for both isotopic variants at
the low Ecoll values considered here most of the reactive
trajectories lead to vibrational quantum numbers well below
the ZPE of the HD molecule. This result is not surprising in a
Fig. 7 Average fraction of the available energy into translation,
rotation and vibration of the products as a function of the collision
energy for the D+ + H2 reaction (top panel) and the H
+ + D2
reaction (bottom panel) calculated with QM (solid line), QCT-GB
(dashed line), and SQCT (dash-dotted line and triangles) methods.
Fig. 8 Classical vibrational distribution for the HD molecule from
the H+ + D2 (top) and D
+ + H2 (bottom) reactions at 20 meV and
100 meV collision energy, respectively, such that the total energy
is practically the same. The weighting functions for the normal
histogram and Gaussian binning procedures are also shown and serve
to illustrate the diﬀerences between the two ﬁnal state assignments.
D
ow
nl
oa
de
d 
by
 C
. d
e 
Fí
sic
a 
"M
ig
ue
l A
. C
at
al
án
". 
Bi
bl
io
t. 
de
 M
at
e 
on
 1
9/
04
/2
01
3 
08
:0
9:
38
. 
Pu
bl
ish
ed
 o
n 
20
 A
ug
us
t 2
01
0 
on
 h
ttp
://
pu
bs
.rs
c.
or
g 
| do
i:1
0.1
039
/C0
CP
003
11E
View Article Online
12602 Phys. Chem. Chem. Phys., 2010, 12, 12591–12603 This journal is c the Owner Societies 2010
classical treatment of a statistical reaction. At a suﬃciently low
total energy, the collision time is long enough to randomise the
energy channeled into the various modes. Therefore, in the
absence of ZPE constraints, the product vibrational distribution
is expected to peak at zero vibrational energy (v0 = 0.5) and
decay monotonically with v0. As a consequence, the energy
disposal in rotation is overestimated, leading to anomalous
rotational distributions and, in the case of the endoergic
H+ + D2 reaction, the method predicts a high reactivity below
the reaction thermochemical threshold. The application of the GB
procedure, which assigns negligible weights to those trajectories
with a vibrational energy content much lower than that of v0 =0,
eliminates eﬀectively the majority of trajectories below the ZPE.
Note that the cross section is the integral of the product of the
classical vibrational distribution and the normalized Gaussian
distribution, whereas for the standard HB, it is just proportional
to the integral of the vibrational distribution since the weights are
always one. With these considerations, it is relatively simple to
determine under what circumstances the cross section will be the
same with the two procedures, being essentially dependent on the
energy available to the products (proceeding either from transla-
tional or rotational energy of the reactants), and consequently, the
maximum v0 classically allowed, v0max. A simple model approxi-
mating the vibrational distribution to a linear dependence with v0
can show that for v0max  0:5 the cross section produced by the
two procedures will be almost the same. Therefore, for energies
available to the products above a certain value and, as long as the
classical vibrational distribution is statistical (decaying mono-
tonically with v0), the GB procedure will not introduce any bias
in the reaction cross section.
IV. Summary and conclusions
Three theoretical approaches, namely, close-coupling QM
calculations, quasiclassical trajectories, and a statistical quasi-
classical trajectory method, have been tried for the investi-
gation of the dynamics of the D+ + H2 - HD + H
+
reaction. This system is not only a prototype for dynamical
studies of ion-molecule reactions, but also an important source
of HD in interstellar space, where it plays a decisive role in the
observed deuterium fractionation. Reaction probabilities,
cross sections, and products’ state distributions have been
calculated on the adiabatic ground state PES potential surface
of the H+3 system. The accurate QM calculations are diﬃcult
and computationally expensive due to the presence of a deep
potential energy well corresponding to the formation of the
DH2
+ complex and have only been performed for collision
energies below 0.2 eV. Approximate methods are then used to
study the dynamics over an extended range of collision
energies (Ecoll = 0–1.3 eV) and rotational states (j = 0–4) of
H2. In the quasiclassical calculations, two schemes have been
used for the binning of trajectories: the standard histogram
binning (HB), in which all reactive trajectories have the same
weight, and the Gaussian binning (GB), in which a larger
weight is given to trajectories in the vicinity of an actual
quantum state of the HD product molecule. Although the
comparison with the accurate QM results shows that
the agreement with the QCT-HB procedure is better for the
calculation of the total cross section in this barrierless exoergic
reaction, the method fails for the calculation of more detailed
dynamical observables (opacity functions, products’ states distri-
butions), leading to unrealistic results. The QCT-GB procedure
describes much better the detailed observables, but produces too
small cross sections at low energy. The SQCT method gives a
better overall agreement with QM results, including total cross
sections, opacity functions and rotational distributions. In the
high energy range, where QM calculations are not available, the
two QCT binning methods, HB and GB, converge, and the QCT
and SQCT results deviate from each other. The QCT cross
sections decrease faster with growing Ecoll than those from the
SQCT calculations due to the gradual increase in importance of
direct, short-lived collisions, which are partly reﬂected back to the
reactants channel by a close range centrifugal barrier within
the potential well. This dynamical eﬀect is not contemplated in
the statistical model.
Although the dynamical bias at high energy was evinced since
the early studies on the kinetics of the H+ + H2 system, its
actual magnitude is not entirely clear. Accurate QM calculations
on the H+ + D2 isotopic variant of the reaction show that the
QCT results tend to overestimate the dynamically induced
decrease in the cross section. In the case of D++H2 considered
in this work, the QM results do not stretch high enough in energy
to show a marked dynamical eﬀect. A comparison of SQCT and
accurate QM results, where available, shows that the statistical
model performs better for D+ + H2 than for H
+ + D2,
probably because the mass combination of the former reactants
is more adequate than that of the latter for the initial transfer of
collision energy from the ion to the molecule and thus for
complex formation, which is a requisite for the validity of
statistical arguments. Bearing that in mind, one can conjecture
that at higher Ecoll QM cross sections for D
+ + H2
should deviate from those obtained with the SQCT method,
but probably not so much as in the case of H+ + D2.
From the previous considerations we must conclude that,
for all its seeming simplicity, there is possibly no satisfactory
approximation able to account for all aspects of the dynamics
of the title reaction. Further work would be desirable to extend
the range of energies and internal states of accurate QM
calculations and to delimit more precisely the applicability
of current approximate treatments, both dynamical and
statistical, suggesting possible improvements.
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